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Riemann Surfaces
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Figure 1: Pictures of Riemann Surfaces

Cylinder amplitudes in 2D Quantum Gravity (Mathijs Wintraecken)




Conformal Type Problem

Uniformization Theorem (Poincaré)

Every simply connected Riemann surface is conformally equivalent to one
of the following:

o the complex plane (Parabolic)
@ the open unit disk (Hyperbolic)
o the Riemann sphere (Elliptic)
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Every simply connected Riemann surface is conformally equivalent to one
of the following:

o the complex plane (Parabolic)

@ the open unit disk (Hyperbolic)
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Conformal Type Problem

The conformal type problem involves classifying Riemann surfaces as
parabolic, hyperbolic, or elliptic.
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Covering Surface Example

A covering surface consists of sewing copies of red upper-hemispheres and
blue lower-hemispheres together.
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Properties of Speiser Graphs

FIGURE 2

RANDOM WALK ON THE SPEISER GRAPH OF A
RIEMANN SURFACE (Doyle, 1984)



Properties of Speiser Graphs

@ Vertices alternate between a
and b.
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Properties of Speiser Graphs

@ Vertices alternate between a
and b.

@ Each vertex has the same
number of edges

o Each edge around the same
vertex has a different label

FIGURE 2

RANDOM WALK ON THE SPEISER GRAPH OF A
RIEMANN SURFACE (Doyle, 1984)
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Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!



Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!



Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!




Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!




Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!




Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!




Note on Extended Speiser Graphs

Two Riemann surfaces can have the same extended Speiser graph!




Connecting Surfaces and Graphs

Theorem (Doyle, 1984)

The conformal type (parabolic or hyperbolic) of a covering surface of a
Riemann sphere with n punctures is consistent with the type (recurrent or
transient respectively) of the random walk on its corresponding extended
Speiser graph.




Type Problem for Graphs

Definition

A random walk on a graph is defined as follows: starting from a vertex
Vo of the graph called the origin, at each vertex we visit, we randomly
travel along one of its edges, each with equal probability. The walk stops if

we return to Vp.
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Definition

A random walk on a graph is called recurrent if it returns to the origin
with probability 1.




Type Problem for Graphs

Definition

A random walk on a graph is defined as follows: starting from a vertex
Vo of the graph called the origin, at each vertex we visit, we randomly
travel along one of its edges, each with equal probability. The walk stops if
we return to V.

Definition
A random walk on a graph is called recurrent if it returns to the origin
with probability 1.
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Definition
A random walk on a graph is called transient if it returns to the origin
with probability less than 1.
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Example of Recurrent Graph

A random walk in 1D is recurrent.



Example of Transient Graph

A random walk on a tree is transient.

FIGURE 2

RANDOM WALK ON THE SPEISER GRAPH OF A RIEMANN SURFACE (Doyle, 1984)



Theorem (Wang, 2024)

The covering surface of a
4-puncture Riemann sphere
corresponding to the Speiser
graph depicted on the right has a
recurrent extended Speiser graph. j

Thus, the covering surface is
parabolic. E
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